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A prerequisite for isolating diseased cells requires a mechanism for effective mass-based separation.
This objective, however, is generally rather challenging because typically no valid correlation exists
between the size of the particles and their mass value. We consider an inertial Brownian particle
moving in a symmetric periodic potential and subjected to an externally applied unbiased harmonic
driving in combination with a constant applied bias. In doing so we identify a most efficient sep-
aration scheme which is based on the anomalous transport feature of negative mobility, meaning
that the immersed particles move in the direction opposite to the acting bias. This work is first
of its kind in demonstrating a tunable separation mechanism in which the particle mass targeted
for isolation is effectively controlled over a regime of nearly two orders of mass-magnitude upon
changing solely the frequency of the external harmonic driving. This approach may provide mass
selectivity required in present and future separation of a diversity of nano and micro-sized particles
of either biological or synthetic origin.
The objective of separating and sorting particles of
small size is attracting growing interest [1–20], opening
the way towards the precise analysis of biophysical and
synthetic processes on the microscale. In this regime of
sizes the omnipresent Brownian jitter dynamics is of rele-
vant impact. Nowadays effective isolation and separation
techniques are of essential importance in a wide range of
areas including both research and industrial applications.
Particularly, such techniques carry a large potential to
study selective transport of biological particles such as
whole cells, organelles or DNA complexes. It has been
found that several diseases alter physical properties of
cells and therefore their sorting has great significance in
health care [21]. So far much emphasis has been placed
on size based isolation techniques [6, 7, 10–13, 15–18, 20].
However, another aspect representing one of the most
important factors for specifically identifying a bioparti-
cle presents its own mass. For instance, cancer cells are
found to differ in mass as compared to healthy ones [21].
This fact suggests that mass heterogeneity might be an
important factor associated with disease initiation and
progression. A reliable and effective approach to sepa-
rating particles by their masses is therefore much in de-
mand and hence one needs to learn more about various
mechanisms for separating different masses on the Brow-
nian scale [14, 22, 23]. As is commonly appreciated, the
task is challenging because of the fact that heavier ob-
jects do not necessarily imply also larger sizes. This very
feature thereby excludes passive mechanical separation
techniques such as filtration in artificial sieves [24].
In the following we demonstrate a nonintuitive, yet ef-
ficient, mass-based separation strategy taking advantage
of a paradoxical mechanism of negative mobility (NM)
[3, 25–29]. In a regime of NM the particles move in
a direction opposite to the net acting force. This phe-
nomenon rests on two main ingredients: (i) a spatially
periodic nonlinear structure together with (ii) an iner-
tial nonequilibrium stochastic dynamics created for ex-
ample via a time-periodic varying driving force of van-
ishing mean value. We demonstrate that under an ad-
ditional action of an applied constant bias only parti-
cles of a given mass migrate in the direction opposite to
this net force whereas the others move concurrently to-
wards it. This opens the possibility of steering different
particle species in opposite directions under identical ex-
perimental conditions. Moreover, we demonstrate that
the mass targeted for separation can be tuned by nearly
two orders of magnitude by changing only the frequency
of external time-periodic driving. The proof of princi-
ple experiment of a similar separation scheme but based
rather on the particle size has been already demonstrated
in Refs. [30, 31], using a lab-on-a-chip device, consist-
ing of insulator dielectrophoresis in a nonlinear, symmet-
ric microfluidic structure with electrokinetically induced
transport. This system was built employing a photolito-
graphic device fabrication strategy without the need of
making use of more complex nanofabrication techniques.
Very recently, it allowed to induce NM not only for col-
loidal particles but even for a biological compound in
the form of mouse liver mitochondrium [32]. Therefore
the separation scheme proposed here may provide mass
selectivity required for individual isolation of nano- and
micro-particles, proteins, organelles and cells. Yet other
suitable setups which allow to test our theoretical pre-
dictions would be based on cold atoms dwelling optical
lattices [33, 34].
Let us consider a classical inertial Brownian particle
dynamics of mass M moving in a spatially periodic one-
dimensional potential U(x) = U(x+L) of period L which
is subjected to an unbiased time-periodic force A cos (Ωt)
of amplitude A and angular frequency Ω, as well as an
external static force F . The Brownian dynamics of such
ar
X
iv
:1
90
1.
10
43
9v
1 
 [c
on
d-
ma
t.s
tat
-m
ec
h]
  2
9 J
an
 20
19
2a particle is described by the Langevin equation [35]
Mx¨+Γx˙ = −U ′(x)+A cos (Ωt)+F+
√
2ΓkBT ξ(t). (1)
The parameter Γ denotes the friction coefficient and kB is
the Boltzmann constant. The periodic potential U(x) is
taken to possess reflection-symmetry with period L and
a potential height 2∆U , i.e.
U(x) = ∆U sin
(
2pi
L
x
)
. (2)
The interaction with a heat bath of temperature T is
described by thermal fluctuations modelled by Gaussian
white noise of zero mean and unit intensity, i.e.
〈ξ(t)〉 = 0, 〈ξ(t)ξ(s)〉 = δ(t− s). (3)
Despite the apparent simplicity of this model setup it
exhibits peculiar transport behaviours including e.g. a
nonequilibrium noise enhanced transport efficiency [28],
anomalous diffusion [36], amplification of normal diffu-
sion [37, 38], or also a non-monotonic temperature de-
pendence of normal diffusion [39].
For our analysis we first recast Eq. (1) into its dimen-
sionless form; i.e.,
m¨ˆx+ ˙ˆx = −Uˆ ′(xˆ) + a cos (ωtˆ) + f +
√
2D ξˆ(tˆ), (4)
where xˆ = x/L, tˆ = t/τ0 and τ0 = ΓL
2/∆U . The
dimensionless mass m is given by the ratio of two char-
acteristic timescales, reading
m =
τ1
τ0
=
M∆U
Γ2L2
, (5)
where τ1 = M/Γ. We here emphasize the fact that the
dimensionless mass m depends not only on the actual
physical mass of the particle M but as well also on the
friction coefficient Γ as well as the parameters of the po-
tential; i.e. on half of its barrier height ∆U and the
period L. The strength of friction Γ enters inversely the
scaled mass value and it implies that the rescaled mass
assumes in the regime of viscous moderate-large friction
(i.e. operating at low Reynolds numbers, being typical
for microsized particles immersed in solution [40, 41])
a rather small value. The dimensionless noise intensity
reads D = kBT/∆U . The remaining quantities are ex-
plicitly defined as detailed in Ref. [35]. From here on,
we stick throughout to these dimensionless variables. In
order to simplify the notation, we will also omit the hat
notation in Eq. (4).
The observable of main interest for mass separation is
the directed velocity 〈v〉 of the particle, reading [35]
〈v〉 = lim
t→∞
1
t
∫ t
0
ds 〈x˙(s)〉, (6)
where 〈·〉 indicates averaging over the thermal noise real-
izations as well as over the initial conditions for the posi-
tion x(0) and velocity x˙(0) of the Brownian particle. The
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FIG. 1. (color online) Panel (a): The force-directed velocity
curve 〈v〉(f) is depicted for the two parameter regimes corre-
sponding to normal (blue) and anomalous (green) transport
behaviour in the form of NM. Note the sensitivity of the latter
effect with respect to changes of the dimensionless mass m.
The chosen parameters are: a = 10, ω = 5.95 and D = 0.001.
Panel (b): the directed velocity 〈v〉 versus mass m. In the in-
set we present the blow up (red region) showing the interval of
the NM-phenomenon as marked by the grey area. Parameters
are: a = 5.125, ω = 3.75, f = 1, D = 0.0001.
latter is required in the deterministic limit D ∝ T → 0
when the deterministic dynamics may turn out to be non-
ergodic and dependent on specific choice of these initial
conditions [42].
Knowingly, the Fokker-Planck equation correspond-
ing to the Langevin Eq. (4) cannot be solved analyt-
ically in closed form. The task is thus to systemat-
ically analyse by comprehensive numerical means the
emerging and rich variety of possible transport behav-
iors. The setup comprises a complex 5-dimensional pa-
rameter space {m, a, ω, f,D}. We nonetheless succeeded
in performing the numerical analysis with unprecedented
resolution. Overall we considered nearly 109 different
parameter sets. The high precision was made possible
solely due to an innovative computational method which
is based on employing GPU supercomputers, for details
see in Ref. [43].
The underlying symmetries of the Langevin dynam-
ics in Eq. (4) imply that the directed velocity 〈v〉 be-
haves odd as a function of the external static bias f ; i.e.,
3FIG. 2. (color online) Two dimensional map of the directed
velocity 〈v〉 of the Brownian particle as a function of the ex-
ternally applied periodic driving frequencies ω versus mass m.
The magnitude of velocity 〈v〉 is indicated by the colour code
with blue indicating regimes with NM. Chosen remaining pa-
rameters are set at a = 5.9375, f = 1, D = 0.0001.
〈v〉(−f) = −〈v〉(f) so that 〈v〉(f = 0) ≡ 0 [3]. Generally,
〈v〉 is an increasing function in the direction of the static
bias f as one commonly would expect. The resulting par-
ticle transport velocity thus follows in the direction of the
acting bias f , 〈v〉 = µ(f)f , with a positive-valued nonlin-
ear mobility µ(f) > 0. However, in the parameter space
there occur also regimes for which the particle moves on
average in the opposite direction to the applied bias; i.e.
〈v〉 < 0 for f > 0 thus exhibiting anomalous transport
in the form of NM with µ(f) < 0 [26–29]. The key pre-
requisite for the occurrence of the latter phenomenon is
that the system (i) is driven far out of thermal equilib-
rium into a time-dependent nonequilibrium state, whose
inertial dynamics does exhibit (ii) zero-crossings of 〈v〉
[26, 27]. In our case this condition is induced by the
presence of the external time-periodic driving a cos (ωt)
which in turn overrides the limiting response behavior en-
coded with the Le-Chate´lier-Braun equilibrium principle
[44], stating that at finite f the response occurs into the
direction of the applied force towards a new, displaced
equilibrium.
With panel (a) of Fig. 1 we exemplify two force-
velocity characteristics, 〈v〉(f), corresponding to normal
and NM transport behaviour. Please note the sensitiv-
ity of the latter effect with respect to minute changes
in the dimensionless mass m. A tiny change in mass
by ∆m = 0.03 is accompanied with the reverse of the
particle response (note the blue line versus the green
line behavior). There is seemingly no clear relationship
detectable among the set of parameter values and the
occurrence of this NM phenomenon. A small displace-
ment in the parameter space may either cause a sud-
den emergence of NM or its rapid absence. One impor-
tant observation is that typically it occurs in regimes for
which the values of the parameters are a priori unknown.
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FIG. 3. (color online) The dependence of the mass m∗ tailored
for separation as a function of the external driving frequency
ω for zero temperature D ∝ T = 0 with fixed a = 5.125
and f = 1. In the inset we present a different regime with
D = 0.001 allowing for efficient and tunable mass separation
via negative mobility.
The interested reader is referred to the animation of the
maps 〈v〉(ω,m) for several different magnitudes of the ac-
driving amplitude a which can be inspected on the web
[45].
Amongst the regimes of NM in the parameter space
there are tailored ones for which the latter phenomenon
appears only for a very narrow interval of the mass m.
This is illustrated with panel (b) of Fig. 1 where we
depict the directed velocity 〈v〉 of the Brownian particle
versus the massm. An interesting transport property can
be detected: amongst many particles with masses from
a wide interval m ∈ [10−2, 101] only those with a mass
m ≈ 1.13 will move in the opposite direction 〈v〉 < 0
to the acting bias f = 1. All other particles with posi-
tive velocity 〈v〉 will follow towards the direction of the
bias. As a result, the particles with mass very close to
m ≈ 1.13 will be separated from all the others. This pro-
cess of mechanical separation seems to be very promising
provided that one would be able to control the mass m∗
of particles which are intended to be separated. The
half-width δm ≈ 0.01 of the interval where the NM oc-
curs is indicated in the inset of the panel (b). It can be
viewed as the resolution capacity for separation. How-
ever, we stress that typically NM in these intervals is
sharply peaked meaning that due to the clear difference
between the magnitude of the negative velocity indeed
only the particles with the precisely defined mass m∗ will
be pronouncedly isolated from the others moving in the
same or the opposite direction. We in turn undertook
the attempt to search for such parameter regimes of the
Langevin equation (4) that would enable to control the
occurrence of the NM by tuning just one parameter.
After this comprehensive numerical analysis we iden-
tified practically all sets of parameters {a, ω, f,D} for
which NM emerges only for a narrow interval of mass
4FIG. 4. (color online) The mass m∗ targeted for separation
(color coded scale) via the NM effect as a function of the
external ac-driving strength a and frequency ω for different
values of the bias f . Thermal noise intensity is set to zero
D = 0.
[m∗−δm,m∗+δm]. Among selected parameter regimes,
we focused on those which reveal a specific functional
dependence between the isolated mass m∗ and the pa-
rameter a, ω, f or D. In Fig. 2 we present such an
example of the directed velocity 〈v〉 map as a function
of the external driving frequency ω and scaled mass m.
The magnitude of the velocity 〈v〉 is indicated with a
corresponding colour code. The blue regime corresponds
to NM. It can be observed that for a given value of the
frequency ω NM is present solely for a particular value
of mass m∗. Therefore, using those tailored parameters
read off from Fig. 2 we are able to tune the NM to the
particle of a given mass m∗ by changing the value of
the external driving frequency ω at fixed periodic driv-
ing strength. Doing so allows for efficient mass separation
from an interval covering nearly two orders of magnitude.
In order to examine our results even more accurately
we isolated the NM area from corresponding two param-
eter maps into a graph of the target mass m∗ versus the
external driving frequency ω. The result is depicted in
Fig. 3 for zero temperature D ∝ T = 0. A change
of thermal noise intensity from D = 0 up to tempera-
ture D ≈ 0.0003 does not significantly alter the desired
characteristics which is quite robust with respect to tem-
perature variation. Because NM derives from the com-
plex deterministic dynamics, strong thermal noise of suf-
ficient intensity is expected to cause a blurring of the phe-
nomenon [35]. Interestingly, however, increasing thermal
noise strength produces a shrinking of corresponding NM
intervals, thereby optimizing the range δm. This feature
implies an improvement of the selectivity for separation.
In the inset of the panel (a) we additionally depict differ-
ent parameter regime allowing tunable mass separation
for even higher temperature D = 0.001. Moreover, our
method of mass separation is stable against a variation
of the amplitude strength a (not depicted). The effect is
present for a wide range of amplitudes a ∈ [4, 8]. At this
point we remark that the effect of mass separation upon
harvesting the NM phenomenon is also present for the
dependence m∗(a) and alike for m∗(f); the range of tun-
able mass separation proves, however, somewhat smaller.
Finally, we consider yet a further issue: Let us assume
that we deal with a given mass m∗ which we want to
separate from the rest. The question then is: for how
many different masses m∗ taken from the extended inter-
val m∗ ∈ [10−2, 101] is it possible to isolate the sought-
after parameter set {a, ω, f,D} for which only this very
specific mass value m∗ displays NM, thereby allowing its
separation in a most efficient unique manner. We note
that for a single mass m∗ there might be several param-
eter regimes obeying this condition. The answer to this
question is summarized with Fig. 4. There, the distribu-
tion of the mass m∗ targeted for separation via the NM
phenomenon in the parameter plane of the ac-driving am-
plitude a and frequency ω is depicted for different values
of the static bias f . We observe that small masses can
be isolated with low values of a and ω. Medium and
large masses are separated when the amplitude and fre-
quency assume moderate magnitudes. We detected that
with this method and for a fixed bias value f = 1 nearly
all masses from the considered interval can be isolated.
We also find that the overall distribution of the mass m∗
targeted for separation depicted (in color) in Fig. 4 is
robust with respect to a variation of bias f , noting that
for smaller values of f it undergoes a stretching.
In conclusion, this work provides an effective solu-
tion for the objective of the tunable mass separation.
In our scheme mass targeted for isolation can be con-
trolled by nearly two orders of magnitude by merely
changing the frequency ω of the external harmonic driv-
ing. This task apparently cannot be accomplished with
similar quality by use of alternative methods such as fil-
tration techniques or schemes which are based on fluid-
driven Brownian motor methodology [1, 46, 47]. The
approach presented here uses only a spatially periodic
nonlinear structure in combination with unbiased exter-
nal time-periodic driving. Our method can further be
adapted to the needs by proper fabrication of the non-
linear landscape described by its barrier height ∆U and
period L. Other advantages are: (i) as a representative of
active techniques it offers an improved averaged migra-
tion speed as compared to alternative approaches [32],
(ii) in contrast to microfluidic methods it allows the pos-
sibility to not only deflect different particle species along
different transport angles, but even to steer them in op-
posite directions, (iii) use of small size of a lab-on-a-chip
device technology together with advantageous fabrica-
tion costs allows for massive parallelization which makes
high-throughput separation possible. We envision that
the separation strategy proposed here allows for mass se-
lectivity isolation of nano- and micro-particles, proteins,
organelles and cells.
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